Abstract. -Within the framework of the Peyrard-Bishop model for DNA melting, sharp denaturation temperature profiles can currently be obtained only if anharmonic base-pair stacking interactions are considered. We show that, when solvent interactions are included, a sharp denaturation of the DNA double helix is obtained without the need for anharmonic nearest-neighbor interactions. Using the concept of pseudo-Schrödinger equations we discuss the analogy of these transition to quantum-mechanical tunneling, and in particular we show that the sharp transitions are similar to resonant tunneling.
It is well known that DNA double strands denature quite sharply with temperature [1] . The model originally devised by Peyrard and Bishop [2] , taking into account the molecular interactions between the bases, could at first not obtain such sharp transitions, until the introduction of an anharmonic stacking interaction term by Dauxois et al. [3, 4] . This model has been applied to a variety of situations, such as DNA transcription initiation [5] and denaturation of DNA hairpins [6] . Recently, we also applied this model for evaluating the thermal equivalence of short DNA probes [7] . The nature of these transitions was investigated further in terms of critical exponents [8] , topological changes [9] and domain wall formation [10] . On the other hand, molecular dynamics simulations of DNA melting such as by Zhang and Collins [11] and by Drukker et al. [12] were able to reproduce sharp transitions considering harmonic interactions. These simulations considered several other interactions not present in the Peyrard-Bishop Hamiltonian, most noticeably the interaction with the solvent, which stabilizes the denatured state.
In this work we obtain sharp melting transitions by adding a solvent interaction term to the harmonic Peyrard-Bishop Hamiltonian [2] . We compare our results with the anharmonic Hamiltonian by Dauxois et al. [3, 4] from which such sharp transitions can also be obtained. We show that, from a pseudo-quantum-mechanical point of view, the melting can be understood as a quantum tunneling process and that the sharp first-order-like transition corresponds to the particular case of resonant tunneling. Similarly, the anharmonic Hamiltonian can be compared to electron capture by a quantum well. Also, the sharp transition is not lost when a moderate additional term is added to prevent the divergence of the partition function, which is of importance for short DNA sequences where this divergence becomes particularly problematic [13] .
For Hamiltonians of the type proposed by Peyrard and Bishop [2] to model the denaturation of a homogeneous DNA double helix, the configurational part is written generically as
where y n is the stretching of the n-th base-pair, w is the stacking interaction of the nearest neighbors n and n + 1, and V the interaction of the n-th base-pair. In this work, we consider two terms for the base-pair interaction,
The first term is the usual Morse potential [2] which describes the hydrogen bonds of the base-pairs. The second term is a solvent interaction potential, adapted from Drukker et al. [12] , which simulates the formation of hydrogen bonds with the solvent once the base-pair hydrogen bonds are stretched by more than a value λ s from their equilibrium values. The solvent interaction potential is a function which varies smoothly from f s D at y n < −λ s to zero for y n > λ s . For y n < λ s , the base-pairs are pulled away from each other until the bond with the solvent is established. Once the bases are bonded to the freely moving solvent molecule they are no longer pushed to any particular direction, a situation which is represented by the potential plateau for y n > λ s . The solvent potential combined with the Morse potential results in a single barrier of height and width of the orders of f s D and λ s , respectively, as shown in fig. 1 . We will refer to the Hamiltonian with the base-pair interaction of eq. (2) as to the Morse-solvent Hamiltonian. For the calculations presented in this letter we used a barrier factor of f s = 0.1, and for the Morse potential [13] we used D = 0.04 eV, a = 44.5 nm −1 and the partition function integrals were calculated with a cut-off factor of 12 nm.
The harmonic stacking interaction is considered in a modified form,
where θ is the twist angle between neighboring base-pairs, and we take k = 4 eV/nm 2 for our calculations [13] . This is motivated by 3D helicoidal models such as proposed by Barbi et al. [14] , as well as torsional potentials used in molecular dynamics [12] , and is introduced as a way to avoid the divergence of the partition function [13] . For an angle of θ = 0 the usual harmonic stacking interaction term [2] is obtained and would represent the situation of perfectly parallel neighboring bonds. Evidently, the base-pairs can only denaturate when the double helix is largely uncoiled and therefore we use a small, but non-zero, fixed angle of θ = 0.01 rad for the calculations presented in this work. This has the same practical effect of removing the partition function divergence as the stress term Dhay n , proposed by Theodorakopoulos et al. [8] , where θ = 0.01 rad is equivalent to h ranging between 10 −3 and 10 −2 . However, since the divergence is actually caused by the stacking interaction w when y n = y n+1 , i.e. when neighboring bonds are stretching by exactly the same amount, it seems more appropriate to remove this divergence by modifying the term which is causing it.
For comparison, we will also consider the anharmonic Hamiltonian proposed by Dauxois et al. [3, 4] , where we introduce the same torsion angle dependence as in eq. (3) for the stacking interaction, Again, for a torsion angle θ = 0 we recover the original anharmonic stacking interaction [3, 4] . Parameters used for the anharmonic Hamiltonian are α = 3.5 nm −1 and ρ = 0.5 [13] , with the remaining parameters the same as for the Morse-solvent Hamiltonian.
In fig. 2 we show the average base-pair stretching y as a function of temperature, for the harmonic Morse-solvent Hamiltonian with θ = 0.01 rad. For λ s = 1 nm we obtain a clear sharp transition, similar to those obtained with the anharmonic Hamiltonian [3, 4] . As the solvent interaction factor λ s decreases the transition becomes very smooth, similar to what would be obtained from the harmonic Hamiltonian by Peyrard and Bishop [2] . Therefore, the solvent interaction factor λ s can be used as a theoretical tool to change continuously the sharpness of the denaturation, without changing the Morse potential or the harmonic stacking interaction.
It is well known that the transfer integral, which is used to calculate the partition function, can be mapped to a one-dimensional pseudo-Schrödinger equation [2, 15] . Although important approximations are needed to obtain this pseudo-Schrödinger equation (see ref. [16] for a comprehensive discussion) it is useful to express the eigenvalue n of the transfer integral equation in terms of a Schrödinger-equation equivalent energy E n ,
where T is the temperature, k B the Boltzmann constant, and l a unit of length. The energy E n allows us to compare the eigenvalue n directly to the Morse potential depth D as well as to the added solvent potential. Figure 3 shows the energy spectrum E n for the Hamiltonian with solvent interaction. For comparison, the average base-pair stretching y is also shown. For perfectly aligned hydrogen bonds, i.e. θ = 0, the transition is extremely abrupt as shown in fig. 3a . However, with the small angle θ = 0.01 rad, the transition is smoother but still remains quite sharp as shown in fig. 3b . The energy spectrum has the same strong anti-crossings observed by Dauxois et al. [3, 4] . However, we do not observe in fig. 3b the dense quasi-continuum spectrum characteristic of the Hamiltonian with θ = 0 as shown in fig. 3a . This dense spectrum is also apparent for the anharmonic Hamiltonian and is presented, for comparison, in fig. 4a . In fig. 4b we show the energy spectrum for the anharmonic Hamiltonian with torsion angle θ = 0.01 rad. The transition in this case is smooth second-order-like although the states are as dense as for sharp transition of the Morse-solvent Hamiltonian (fig. 3b) . Therefore, it is clear from figs. 3 and 4 that the strong anti-crossings give rise to sharp transition as previously observed [4] , but that the density of states above the Morse plateau apparently does not play such a crucial role in the sharpness of the transition. To gain a better understanding of the origin of the sharp transition we defined a ratio which represents the localization of the eigenfunction φ 1 , with lowest eigenvalue E 1 ,
where y c is the position of the maxima of the base-pair interaction potential V (y), which is typically of the order of 0.1 nm. This ratio therefore offers a measure of the localization of φ 1 ; for R < 1 this corresponds to φ 1 localized in the Morse potential well and for R 1 it is spread over the Morse plateau. In fig. 5 we show the calculated eigenvalue energy E 1 as a function of the localization ratio R. For the anharmonic Hamiltonian the ratio increases by several orders of magnitude as soon as the eigenvalue energy E 1 reaches the value of the Morse potential plateau D, as shown in fig. 5a with θ = 0. However, with θ = 0.01 rad, the higher energy eigenfunctions are no longer unbound and the ratio R increases very slowly with energy. Therefore, for the anharmonic Hamiltonian (θ = 0), the sharp transition is a result of changing from a completely bound to a completely unbound state over a very short temperature range, as previously noted, e.g., in refs. [2] and [3] . In terms of the pseudo-Schrödinger equation, this is similar to well-known models of electron capture or escape in semiconductor quantum wells [17] .
For the Morse-solvent Hamiltonian, the situation is remarkably different, as shown in fig. 5b . The eigenvalue energy E 1 always stays below the solvent potential barrier; nevertheless a strong increase in the localization ratio R occurs. In this case we do not have a bound-tounbound transition. Instead, we have a transition from a bound state localized in the Morse potential to another state localized beyond the solvent potential barrier. Together with the fact that E 1 is always below the barrier height we have a situation which strongly resembles that of quantum-mechanical tunneling. For a narrower solvent barrier, with λ = 0.3 nm −1 , the transition is clearly gradual and the transition becomes very smooth (see also fig. 2 ). Again we make use of the quantum mechanics analogy here: for narrow barriers the eigenfunction φ 1 already penetrates into the potential barrier at lower energies making the whole transition more gradual. It is well known from semiconductor quantum well physics [18] that as the barriers become wider the quantum tunneling turns into resonant tunneling. This is precisely what we observe in fig. 5b : for a wider barrier (λ = 1 nm −1 ) the localization rate R increases very sharply with energy, which in turn corresponds to a sharp transition (see also fig. 2 ).
We believe that the harmonic Morse-solvent Hamiltonian is a step towards reconciling the statistical-mechanics models with existing molecular-dynamics simulations [11, 12] . However, we cannot rule out the anharmonic interaction to play an important role in the melting of the DNA double helix due to the unusual elastic properties of the phosphate backbone [19] .
To conclude, we have shown that by considering a solvent interaction potential it is possible to obtain a sharp transition for DNA melting without the need for an anharmonic stacking interaction term. The sharpness of the transitions for both the anharmonic and Morse-solvent Hamiltonians can be understood in terms of their pseudo-quantum-mechanical analogue. Comparison with real quantum-mechanical systems provides useful insights into the physics of DNA termal denaturation. * * * We are grateful to J. W. Essex, A. Prügel-Bennett and C. Neylon for helpful discussions. This work was supported by Research Councils UK through the Basic Technology Programme.
